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Abstract 
Water distribution networks are important systems that provide citizens with an essential public service which is crucial for 
the normal development of most basic activities of life. We address a challenging problem in the design of the isolation 
system for water distribution networks concerning the optimal location of valves in a water network. 
The aim of an isolation valve system is to separate a portion of the water distribution network for maintenance, pipe breaks 
or protection against contaminants. Despite many water distribution network problems have been extensively investigated in 
the literature, the presence of uncertainty in the data has often been neglected. 
We address this shortcoming presenting a stochastic programming approach for the strategic valve locations problem in 
water distribution networks by considering different failure scenarios. Numerical results on case studies taken from the 
literature are presented. 
© 2013 The Authors. Published by Elsevier Ltd. 
Selection and peer-review under responsibility of AIRO. 
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1. Introduction 
The design and planning of a large water distribution system is a rather complex problem characterized by 
challenging operation, maintenance, and management issues. 
Amongst the relevant set of these interesting problems, the strategic valve locations problem has received 
considerable attention from practitioners and researchers in the last years. One of the main drivers of this interest 
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has been the need to protect scarce drinking water sources in some countries, where a quick isolation of network 
areas affected by calamities is needed. Recent concerns regard also the protection, the isolation and the 
dewatering of portions of water distribution networks due to breakage or contaminant detections. This is also the 
viewpoint of this work, which tackles the problem within the framework of mathematical programming, 
sharpening the economic perspective and accounting for uncertainty at the same time. 
An isolation valve system consists of a set of isolation valves distributed on the water network. When a pipe 
breaks or simply needs maintenance, a portion of the system is isolated by closing one or more valves. Unless 
two valves are located on the broken pipe, a whole portion of the water network is also closed and dewatered. 
This unintended isolation of possibly large areas is an unwanted side effect that should be avoided to the 
maximum extent. It may cause inconveniences to the users and damages derived from an unexpected drastic cut 
in water. 
Ideally, the problem could be circumvented by installing redundant valves in the water network, but this option is 
quite difficult to accomplish in a cost-effective manner. It is therefore evident that a cost efficient design of the 
valve isolation system must account for the scarcity of resources and the limited number of valves, by 
considering also the installation costs involved. 
This issue represents one of the distinguishing features of our model, besides the incorporation of the uncertainty 
into the optimization model. In effect, to the best of our knowledge, this contribution represents one of the very 
few mathematical models for the valve positioning problem and the only one considering valve dependent costs 
in the objective function.  
 
 In the foregoing, we shall briefly review some recent contributions concerning the design of the isolation valve 
system. 
Giustolisi and Savic (2010) tackled the problem by bi-objective genetic algorithms, seeking a compromise 
between cost and solution quality. In particular, they proposed a method relying on the use of topological 
matrices (presented in Giustolisi, Kapelan and Savic, 2008 for network simulation models) with the aim of 
identifying the association between valves and isolated segments. To prove the effectiveness of the algorithm, a 
multi-objective genetic algorithm was used, in which two objectives were simultaneously minimised: the number 
of isolation valves in the network and the size of the largest segment with the associated undelivered demand. In 
their paper, Giustolisi and Savic (2010) did not take into account  neither valve location costs nor failure 
likelihood aspects.  
The important cost-related aspect previously mentioned was later addressed in Creaco, Franchini, and Alvisi 
(2010). The authors presented a method made up of two parts: the first, based on the use of topological matrixes, 
extended the work of Giustolisi and Savic (2010) and enabled the identification and characterization of the 
segments formed after the installation of isolation valves; the second is a multi-objective optimization procedure 
which minimizes two conflicting objective functions: the number of valves and the maximum demand shortfall. 
As far as the exact approaches are concerned, we mention the works of Cattafi, Gavanelli, Nonato, Alvisi, and 
Franchini (2011) and Gavanelli, Nonato, Peano, Alvisi and Franchini (2012) which applied Logic Programming 
to minimize the maximum undelivered demand given a fixed number of valves. In particular, the former 
contribution formalized the problem as a two-players game in which one player chooses the valve location and 
the other decides the pipe to break. The resulting valve placement problem is then modeled in Constrained Logic 
Programming by providing a minimax algorithm, then improved with three pruning strategies. 
The work of Gavanelli, Nonato, Peano, Alvisi and Franchini (2012) , based on the Answer Set Programming 
paradigm, defined two different programs, one explicitly defining the sectors and the other leaving sectors 
implicit.  
 The only mathematical programming approach for the deterministic valve location problem is represented by 
the contribution of Peano, Nonato, Gavanelli, Alvisi and Franchini (2012). In particular, a mixed integer bilevel 
optimization model, defined on an extended graph suitably defined to include the valve locations, is presented by 
the authors and solved through a general purpose optimization software. The relevant variables are related to the 
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concept of sectors (i.e. connected subportions of the water network delimited by a set of valves) and of 'boundary 
valves', which are valves separating two sectors. In order to address the issue of unintended isolation, beside 
binary variables related to the location of the boundary valves, flow variables are also introduced into the second 
level of the model. The bilevel problem is then transformed in a one level problem that minimizes the maximum 
undelivered demand over all the sectors. 
All the reviewed papers consider the parameters of the problem deterministically known.   
A crucial issue that needs to be addressed in many real-world situations is that potential failures of pipes are 
uncertain by nature and may be caused by nature (weather conditions, natural disasters) or many other possible 
factors (malicious contamination). Consequently, an adequate management policy cannot be defined without a 
careful consideration of this uncertainty.  
In this paper, we address the case of a water network subject to multiple uncertain pipe failures by means of the 
stochastic programming paradigm (Birge & Louveaux, 1997). With the aim of providing a robust optimal valve 
location, we formalize the problem as a two-stage stochastic programming problem . 
This powerful modeling paradigm for decision making, integrates the expressive power of mathematical 
programming models with the key issue of uncertainty affecting all the real-life applications. These nice features 
have stimulated a growing interest toward this class of models, successfully applied in many interesting 
applicative contexts (Beraldi & Bruni, 2009, Beraldi, Bruni & Conforti, 2009, Beraldi, Bruni &Violi 2012, 
Maggioni,  Kaut & Bertazzi, 2009, Vespucci, Maggioni,  Bertocchi & Innorta, 2010).  
 
The rest of the paper is structured as follows. Section 2 describes a mathematical model for the valve location 
problem under uncertainty and shows how uncertain pipes failures are embedded into the model. Section 3 
discusses the results obtained and introduces a greedy heuristic technique for solving the model on real case 
instances. Finally, Section 4 discusses future research directions and concludes the paper.  
2. Problem statement and notation 
In order to present the mathematical model for the valve location under uncertainty, we first set some basic 
notation, that will be used throughout the paper. Following analogies between the hydraulic networks and graph 
theory, recently exploited in the hydraulic engineering literature, we represent a water network by a graph G=(N, 
E), where E denotes index set of edges or pipes and N denotes the index set of nodes where the pipes meet. The 
user demand is assumed to be associated with pipes and it is assumed that one or more sources (tanks) introduce 
water in the network. 
Fig. 1 The example network 
 
 
 
 
 
 
 
 
 
 
 
 
 
The network topology shown in Fig. 1 (taken from Cattafi, Gavanelli, Nonato, Alvisi, and Franchini, 2011) 
will be used in the foregoing for illustrative purposes. The hydraulic network has a single reservoir, and 7 pipes 
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with positive demand, plus a 0-demand pipe which connects the reservoir to the rest of the network. Starting from 
the given water network configuration, we construct an auxiliary graph over which our model will be defined. 
  
The graph is constructed as follows. The possible valve locations throughout the network are represented as 
additional nodes positioned at the endpoints of each edge. This new set of nodes V (|V|=2*|N|) is then 
appropriately connected with the existing graph (see Fig. 2) and a new edge set E' is constructed which comprises 
all the undirected  arcs of the auxiliary graph. The user demand dij is then associated to each edge (݅ǡ ݆ሻ א
ܧᇱ݅ǡ ݆ א ܸ and a cost ܿ௞ is associated to each node݇ א ܸ where a valve can be installed. 
Fig. 2 The auxiliary network 
 
 
 
 
 
 
 
 
 
 
Our problem considers as random input all sets of pipes that could fail at any one time. We denote each set of 
concurrently failing edges as a failure scenario and denote the set of failure scenarios with F, where a failure 
scenario  א 	 consists of a set of arcs ܣ௙ ك ܧᇱ that could simultaneously fail. 
The probabilistic behavior of different pipes in terms of breakage (and hence service disruption) together with 
the occurrence probability ݌௙of each scenario ݂ א ܨ could be estimated by using a pipe breakage model such as 
the ones proposed Le Gat and Eisenbeis (2000) or by Fadaee and Tabatabaei (2010), or Rajani and Kleiner 
(2001). 
 Once a set of failure scenarios is considered, the scenario analysis could be employed in order to construct the 
optimal valve location for each scenario and to investigate the sensitivity of these decisions with respect to the 
changes in uncertain parameters. This technique is useless when the scenarios differ drastically between each 
other, as in the common case of single pipe failures. In such a situation it is more appropriate to identify a 
solution that will be optimal with respect to the whole scenario set. This objective can be accomplished by 
invoking the stochastic programming paradigm. In effect, the valve location decisions are to be taken 'here and 
now' by considering all the possible circumstances that may influence the behavior of the water network and, 
hence, can be viewed as first stage variables. After a failure occurs, a subset of the installed valve should be 
closed and the some portion of the network dewatered.  This act constitutes the recourse  action, taken after 
uncertainty disclosure.  
The problem that we are going to present is a network flow model with side constraints with the typical 
structure of a stochastic programming model. In the first stage the optimal valve location decisions are taken, in 
face of uncertainty, and once the uncertainty discloses, isolation of failed pipes is achieved by closing some of the 
isolation valves, in such a way that they get disconnected from the reservoirs.  
The set of first stage variables comprises binary variables ݕ௞ǡ ݇ א ܸrelated to the installation of a valve in 
the location k. Depending on the valve configuration chosen, one or more pipes will be unintentionally isolated 
and  a portion of the network dewatered.  The second stage decisions, therefore, concern the flow of water in the 
network after valve closure.  
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To mimic the closure of a valve k under a failure scenario f, we allow the nodes in V corresponding to valves 
to absorb a certain amount ܼ௞௙of flow: when a valve is closed, the water flow stops and the node corresponding to 
that valve acts as a demand node in the network. Instead, the original nodes of the water network are considered 
as circulation nodes. In our model, we suppose that the water can flow in each pipe in one of the two possible 
directions. Therefore, we define the flow variables ݔ for each ሺ݅ǡ ݆ሻ א ܧᇱ  and each failure scenario ݂ א ܨ . 
Moreover, we denote with ǯ the set of directed arcs built considering two directed and opposite arcs for each 
undirected arc in ǯ . We also ܨ ௜ܵ ൌ ሼሺ݅ǡ ݆ሻ א ܦܧԢሽ as the set of directed arcs in ̵ that exit node i and 
ܴ ௜ܵ ൌ ሼሺ݆ǡ ݅ሻ א ܦܧԢሽ as the set of directed arcs in DE' that enter node i. Since one pipe can be traversed in one 
direction at time, we need the binary variables߬௜௝  equal to one if the directed arc (i,j) is traversed. Once a pipe is 
traversed (regardless the direction of the flow) its demand is considered satisfied. We suppose also that the 
number of valves to be positioned is limited from above  by ݄௠௔௫. 
The deterministic equivalent mathematical model representing the stochastic valve location problem under 
uncertainty is reported below. 
   
σ ܿ௞௞א௄ ݕ݇ ൅ σ ݌௙௙אி σ ሺͳ െ ߬௜௝௙ ሻ݀௜௝ሺ௜ǡ௝ሻא஽ாᇱ                                                                  (1) 
σ ݕ௞ ൑ ݄௠௔௫௞א௄                                                                                                                                (2) 
     
σ ݔ௜௝ି௙௝אிௌ೔ σ ݔ௝௜௙ ൌ Ͳǡ ׊௝אோௌ೔ ݅ א ܸǡ ׊݂ א ܨ                                                                                                   (3)                              
    
σ ݔ௜௝ି௙௝אிௌ೔ σ ݔ௝௜௙ ൌ ݖ௞௙׊݅ א ܸǡ ׊݂ א ܨ௝אோௌ೔                                                                                                   (4)                             
ݖ௞௙ ൑ ܯݕ௞׊݇ א ܸǡ ׊݂ א ܨ                                                                                                                                      (5)                              
߬௜௝௙ ൑ ݔ௜௝௙ ׊ሺ݅ǡ ݆ሻ א ܦܧԢǡ ׊݂ א ܨ                                                                                   (6)                        
߬௜௝௙ ൅ ߬௝௜௙ ൑ ͳ׊ሺ݅ǡ ݆ሻ א ܧᇱǡ ׊݂ א ܨ       (7)                        
ݔ௜௝௙ ൅ ݔ௝௜௙ ൌ Ͳ׊ሺ݅ǡ ݆ሻ א ܣ௙ǡ ׊݂ א ܨ                                                                                             (8) 
σ ௝߬௜௙௝אோௌ೔ ൑ ܯ߬௜௧௙ ׊݅ א ܰǡ ׊ݐ א ܨܵ௜ǡ ׊݂ א ܨ                                                                 (9)                        
ݕ௞ א ሼͲǡͳሽ׊݇ א ܸ                                                                                                                            (10)  
߬௜௝௙ א ሼͲǡͳሽ׊ሺ݅ǡ ݆ሻ א ܦܧᇱǡ ׊݂ א ܨ                                                                  (11) 
ݔ௜௝௙ ൒ Ͳ׊ሺ݅ǡ ݆ሻ א ܦܧԢǡ ׊݂ א ܨ                                                        (12) 
ݖ௞௙ ൒ Ͳ׊݇ א ܸǡ ׊݂ א ܨ                      (13) 
 
The objective function (1) minimizes the total cost of installing valves throughout the network and  the 
expected undelivered demand. Constraints (2) requires that a maximum number of ݄௠௔௫valves can be installed 
in the network. Constraints (3) and (4) enforce the flow balance for each node in the network. Constraints (5) 
stipulate that the valve cannot absorb flow unless it has been installed. Constraints (6) state that the demand is 
deemed satisfied and the arc traversed ሺ߬௜௝ ൌ ͳ) only if the water flows on that arc, while constraints (7) impose 
that the flow should follow only one direction. Constraints (8) require the isolation of broken pipes in each failure 
scenario. Finally constraints (9) faithfully represent the water flow within the network imposing that if some flow 
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enters a node, in each arc outgoing from that node there should be some flow. The other constraints are related to 
the range definition of the variables. The value of the parameter ܯ can be set to σ ݀௜௝ሺ௜ǡ௝ሻא஽ாᇱ . 
We notice that the constraint set is partitioned into two different groups. The first stage constraints, i.e 
(constraints 2 and 10) and second-stage constraints (3,4,6,7,8,9,11,12,13), which can be interpreted as corrective 
measures made once the random events have been revealed. Some linking constraints between the first and the 
second stage are also present (constraints 5).  
 
Remark  
 
In some practical applications, the decision maker could prefer a risk aversion position rather than a neutral 
one. This implies that instead of considering the expected value of the undelivered demand, other kind of risk 
averse measure can be considered. At one extreme, it could be considered the minimization of the maximum 
undelivered demand over all the scenarios. We can extend formulation (1)-(13) in order to handle also this 
preference.  
For the case in which the valve  installation costs are the same for each possible location, we can simply 
replace the objective function with the following objective ݉݅݊݉ܽݔ௙אி σ ሺͳെ ݆݂߬݅ ሻ݆݀݅ሺ݅ǡ݆ሻאܦܧԢ . 
This min max problem can be then linearized by straightforward techniques. The latter extension provides, in 
the particular case of equiprobable single failure scenarios (each scenario corresponding to a single pipe break) 
the solution of the deterministic problem already addressed in the literature. We leave theoretical and empirical 
research on these extensions and comparison with the relevant model for future research.  
3. Results 
 In this Section we validate the model on two test cases. The first network considered is the example network 
whose layout  was shown in Fig 1. The optimization problem  was modeled using AIMMS (Aimms, 2012 ) and 
solved by Cplex 12.1 (Cplex, 2012). We assume that the scenarios represent single pipe failures and that all the 
failures are equiprobable. We assume to have no installation costs. The optimal valve placement, when five 
valves are to be positioned, is as follows: near node 1 on pipe (1, 2), near node 1 on pipe (1, 6), near node 2 on 
pipe (2, 5) near node 5 on pipe (6,5), and finally near node 4 on pipe (3,4) (see Fig. 2). We notice that, 
notwithstanding sectors are not explicitly defined in the model, three sectors are induced by those valves, namely 
S1 made of pipes (1, 2), (2,3) and (3,4) with demand 15l/s; S2 made of pipes (1, 6) and (6,5) with demand 11l/s; 
S3 made of pipe (2, 5) and (5,6) with demand 21 l/s.  
 
Table 1. Results of the network reported in Fig. 1 
Failure scenario           Undelivered demand   
(l/s) 
1 (1,2) 
2 (1,6) 
3 (2,3) 
4 (2,5)                          
5 (3,4) 
6 (5,4) 
7 (6,5) 
15 
11 
15 
21 
15 
21 
11 
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If pipe (1, 2) needs repairing, valves on pipes (1,2), (2,3) and (3,4) can be closed, with a supply disruption of 
15 l/s. If pipe (6,5) leaks, the valves on pipes (1,6) and (6,5) will be closed , with a supply disruption of 11 l/s. 
Table 1 reports for each failure scenario (the pipe failed is reported in brackets) the undelivered demand. We 
notice that the solution that we would have obtained by considering each scenario separately differs from this 
solution, that, notably, is also optimal for the deterministic valve location problem.  
If the assumption of equiprobable scenarios is removed  and instead the following probabilities are considered 
(0.143, 0.143, 0.143, 0.25,0.035, 0.143, 0.143) the optimal valve positioning changes in order to account for the 
higher probability of the failure scenario 4 involving the pipe (2,5).  In this case, (see figure 3) the optimal valve 
location encompasses the installation of two valves on the pipe (2,5), given the high probability of failure of this 
pipe.      
                          
Fig. 3 Equiprobable versus non equiprobable scenarios 
 
 
    
 
    
 
 
 
 
 
 
 
 
We tested also the model of (1)-(13) on the Apulian network, depicted in Figure 4, serving Puglia, a region in the 
south of Italy, which was the case study also presented in Peano, Nonato, Gavanelli, Alvisi and Franchini (2012), 
amongst others. It is made of one reservoir, 23 nodes, and 33 pipes. We have solved the problem with different  
hmax values (4,6,8,10,12,14)  with a  the time limit for each instance of 1000 seconds. 
It is worth recalling that our problem is an example of a two-stage stochastic program with mixed binary 
recourse. Integer requirements in stochastic programming problems have serious consequences on structural 
properties  which makes the problem computationally intensive.  
In effect, Cplex 12.1, run on a Intel core i7-3520M with  2.9 GHz and 8GB of RAM, was not able to find any 
feasible solution for the problem.  
In order to solve the problem we designed a simple partial fixing greedy heuristic that was able to find a 
feasible solution in a fast manner.                                              
 
The proposed algorithm exploits the structure of the problem by decomposing it into smaller subproblems. 
This decomposition allows us to solve many small different subproblems gaining in robustness and speed. Thanks 
to the information gained during this phase, we can build a solution for the whole problem by enforcing a 
coordination among the solutions of the different subproblems. It is worth noting that the model has a block 
diagonal structure in which distinct blocks of variables and constraints are linked by means of first stage 
variables. Henceforth, with a simple reformulation it is possible to come up with a separable problem by a well-
known splitting scheme (Caroe and Schultz, 1999) which introduces copies of the first-stage variables (ݕ௞௙) and 
adds simple copy constraints, which have a specific meaning in the context of stochastic programming. 
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Fig. 4 The Apulian network 
 
 
  
 
 
 
 
 
 
 
 
 
 
 
 
They represent the non-anticipativity principle, which states that the first-stage decisions should not depend on 
the scenario that will occur in the second stage. We note that these constraints link the blocks relative to different 
scenarios. To be more specific, the problem can be reformulated as a scenario block separable mixed integer  
programming problem with linear coupling non-anticipativity constraints (4a). 
 
 
σ ܿ௞௞א௄ ݕ݂݇ ൅ σ ݌௙௙אி σ ሺͳ െ ߬௜௝௙ ሻ݀௜௝ሺ௜ǡ௝ሻא஽ாᇱ                               (1a) 
s.t          (3,4,6,7,8,9,11,12,13)  and                                                                                                            
σ ݕ௞௙ ൑ ݄௠௔௫௞א௄ ׊݂ א ܨ                                                                                                                    (2a)                  
ݖ௞௙ ൑ ܯݕ௞௙׊݇ א ܸǡ ׊݂ א ܨ                                                                                                                                 (3a)                  
ݕ௞௙ ൌ ݕ௞௙ାଵ׊݇ א ܸǡ ׊݂ אൌ ͳǡ Ǥ Ǥ ǡ ȁܨȁ െ ͳ                                                                                            (4a)   
ݕ௞௙ א ሼͲǡͳሽ   ׊݇ א ܸǡ ׊݂ א ܨ                                                                                                 (5a)  
 
 
We will refer in the sequel to scenario subproblems as the separable problems deriving from the model above 
in which the nonanticipativity constraints have been relaxed. The heuristic has a main loop  which is repeated 
until the number of selected valve is equal to the maximum number of valve allowed. In this main loop the 
scenario subproblems  are solved repeatedly in order to obtain some information that will be used in the 
second phase.  
In particular, at each iteration one node is selected for installing a valve and stored in list of selected nodes L. 
The loop is repeated until L contains a number of elements equal to the maximum number of valves allowed. 
The steps within the loop are reported below:  
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[Step 0] Set to empty the list L. 
[Step 1] Solve the scenario subproblems separately. Let ݕ௞כ௙be the  optimal vector of valve positions for the 
scenario Ff ∈ . 
[Step 2] Count the number of times the variable ݕ௞כ௙ is set to one for each k over all the scenario set (the 
number of times a specific valve has been positioned in each node k). Define w(k)=σ ݕ݇כ݂௞א௏ . 
 [Step 3] Set ݇ݏ݈݁ ؔ ܽݎ݃݉ܽݔݓሺ݇ሻ௞ב௅  L:=L׫ ݇ݏ݈݁  and freeze the variable ݕ௞௦௘௟௙  by setting ݕ௞௦௘௟௙ ൌ
ͳǡ ׊݂ א ܨ. Go to step 1. 
 
Once this loop has been repeated hmax times, we solve the problem (1)-(13) withݕ௞ ൌ ͳǡ ׊݇ א ܮ and ݕ௞ ൌͲǡ ׊݇ ב ܮ obtaining a feasible solution.   
 
The results obtained are reported in Table 2 where is reported the gap of the heuristic solution with respect to 
the best linear relaxation objective found by Cplex. We observe that the heuristic is able to find a feasible 
solution of the problem with a gap within 35% and that for some instance this gap is quite low (10%). This is 
clearly only a very preliminary result that should and could be improved, by the design of an efficient tailored 
metaheuristic method which improves this initial solution. 
                       
                         Table 2. Results for the Apulian network 
 
 
 
 
 
 
 
 
4. Conclusions 
In this paper, a new model for the strategic valve location problem under uncertainty following the stochastic 
programming paradigm with recourse has been presented. In particular, the valve location decisions are first stage 
decisions to be made under uncertainty about possible pipe failures of the network. Once a failure occurs, one or 
more valve are closed to fix the failure and  the recourse variables determine the water flow within the network. 
 This model extends the existing models by including uncertainty in pipe failures and by considering the valve 
cost in the objective function. To the best of our knowledge, this is the first attempt made to incorporate, through 
mathematical programming approaches the uncertainty in the isolation valve location problem. 
The resulting model is a large scale mixed integer problem which exhibits a special structure due to the 
twofold nature of the variables and constraints separated into first and second stage components.  
hmax Cplex Heu 
Gap 
4 - 30% 
6 - 28% 
8 
10               
12 
14 
- 
- 
- 
- 
10% 
33% 
35% 
29% 
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The computational challenge posed by the stochastic model calls for efficient solution methods, both exact and 
heuristic,  that will constitute a promising line of research. 
Our future research plans include the exploration of other kinds of uncertainties, such as uncertainty on the 
impact of failure and on customers’ demands and the study of possible applications of valve location models to 
complex real problems characterized by interesting features like hydraulic and water quality performance. 
We hope that this work will be a useful source of ideas for future research on valve location problems and will 
contribute further to the development of solution approaches that can solve complex and realistic models within 
the context of water systems design. 
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